We construct novel 7d supersymmetric gauge theories which include a Chern-Simons-like term on curved spaces. In order to so, we examine the supersymmetry constraints for E7-branes in type IIA * theory, rather than making use of an off-shell supergravity. We find two classes of solutions to the constraints, expressed in terms of a G 2 -structure with non-vanishing intrinsic torsion. The supersymmetric gauge theories are then obtained by coupling flat gauge theory to such supersymmetric backgrounds. Various examples are given, including round and squashed S 7 as well as S 3 × M 4 with M 4 hyperkähler.
Introduction
Supersymmetric field theories on Riemannian manifolds have been a topic of interest for the past decade due to the advent of localization techniques which allow for exact computations of, for example, partition functions, indices and Wilson loops, making it possible to perform checks of various highly non-trivial dualities [1] . The primary candidate for the Riemannian manifold underlying such a field theory is the round sphere, due to several simplifying properties: it is compact, maximally symmetric, and allows for spinors satisfying simple Killing spinor equations. As a result, a wide array of field theories on spheres has been investigated indepth in various dimensions preserving various amounts of supersymmetry, see for example [2, 3, 4, 5, 6, 7, 8] .
More generally, field theories can preserve supersymmetry on a Riemannian manifold when the metric can be obtained as part of a supersymmetric background: a set of profiles for all fields of an appropriately chosen off-shell supergravity, such that these satisfy the supersymmetry equations of the supergravity [9] . A field theory on flat space can then be coupled to such a supersymmetric background, in such a way that the new theory is preserved under global transformations of a deformed supersymmetry algebra. The precise coupling terms can be obtained by coupling the background via a corresponding supercurrent. In this manner, classification of admissible metrics corresponds to classification of solutions of (generalized) Killing spinor equations. For example, field theories on a wide variety of manifolds have been constructed in this way for 4d with minimal supersymmetry [10, 11, 12, 13, 14, 15] .
Unfortunately, there are various (d, N ) where our knowledge of off-shell supergravities and supercurrents falls short. An alternative approach to the classification of supersymmetric backgrounds that can be coupled to field theories has been developped in [16, 17, 18] . Rather than using an off-shell supergravity, it has been shown that for various cases, the Killing spinor equations that determine supersymmetric backgrounds can be reproduced by combining the type II Killing spinor equations with the kappa-symmetry constraint imposed by a supersymmetric D-brane. This procedure leads to expressions for the off-shell supergravity fields in terms of fluxes, the dilaton and the spin connection. To some extent, this result is to be expected; on the one hand because lower-dimensional supergravities are generally obtainable as consistent truncations from type II supergravity, on the other because supersymmetric field theories on curved spaces can arise as worldvolume theories of branes wrapping manifolds with non-trivial curvature.
In this paper, we further test this string theoretic approach by examining gauge theories on curved spaces in d = 7. There are a number of reasons for this choice of dimension. First, in 7d, to our knowledge, a formulation for the relevant off-shell supergravity is lacking and no supercurrents are known. Secondly, since no 7d SCFT's exist, a brane system is a natural candidate for a UV completion to such supersymmetric gauge theories. Thirdly, 7d is the highest dimension for which spherical supersymmetric gauge theories with constant couplings are known [2, 19, 8] . In addition to S 7 , known admissible manifolds are proper G 2 -manifolds, Sasaki-Einstein spaces and tri-Sasakians [20] . A common feature is that all of these admit spinors satisfying a (non-generalized) Killing spinor equation, similar to the sphere. However, there is no reason to expect that supersymmetric field theories do not exist on more general spaces. In general, a globally well-defined nowhere-vanishing spinor in 7d defines a G 2 -structure on the manifold. The intrinsic torsion of G 2 -structures has four components, determined by various irreducible representations of G 2 . From this point of view, all known examples are weak G 2 -holonomy manifolds, i.e., admitting only scalar torsion.
We will construct gauge theories on G 2 -structure manifolds with more general torsion allowed. The theories in question are composed of a kinetic term as well as a 7d analogue of a Chern-Simons term, and preserve two supercharges. These theories are obtained as follows. First, we construct Killing spinor equations dictated by a supersymmetric 7-brane in a supersymmetric string background. Specifically, since the brane ought to be Euclidean, the 7-brane in question is an E7-brane in type IIA * theory [22, 23, 24] . Next, we construct classes of solutions to these equations, leading to profiles for the background fields. Then we couple such background fields to the field theory and modify the supersymmetry algebra accordingly. The constructed gauge theory has an off-shell supercharge, making localization calculations feasible. This paper is organized as follows. In section 2, we construct the Killing spinor equations. In section 3, we solve them. In section 4, we give a number of explicit examples of such solutions, including U(1)-squashed S 7 and S 3 × M 4 , with M 4 hyperkähler. In section 5, we switch gears and describe the construction of the gauge theory. In principle, section 5 is independent from the former sections and the reader only interested in gauge theory could skip the former sections. We end with some conclusions and future directions. Appendix A contains our conventions and a number of useful identities, while explicit computations of the closure of the supersymmetry algebra and invariance of the action for the gauge theory can be found in appendix B.
2 Killing spinor equations for E7-branes in type IIA * In this section, we rewrite the supersymmetry constraints satisfied by Euclidean 7-branes. Our motivation comes from the procedure of [9] , where it is shown how to construct supersymmetric field theories on curved spaces by coupling a flat space supersymmetric field theory to a supersymmetric background of an off-shell supergravity. In particular, a 'background' in this sense is a solution to the supersymmetry constraints of the supergravity; the supergravity equations of motions need not be satisfied.
1 In [16, 17, 18] it was shown how to reproduce 4d supergravity background constraints directly from supersymmetric branes instead. We will follow a similar procedure here for 7-branes to split the total supersymmetry constraints into two sets: the 'ex-1 Consider for example N = 1 field theory on S 4 ; the supergravity equations of motion are explicitly violated, as the auxiliary scalar fields play the role of the radius of the sphere and are thus non-zero [11] .
ternal' and 'internal' supersymmetry constraints. All components of the fluxes appear in either one or the other set, apart from the metric which determines the spin connection components in both sets. The external constraints are interpreted as the requirement that the worldvolume supersymmetry of the brane is preserved. The internal constraints are such that the brane does not break the supersymmetry of the string background. From the field theory point of view, a solution to the external constraints is sufficient to determine a curved background to which one can couple the field theory. Indeed, the external supersymmetry constraints should correspond to the supersymmetry requirements of some a priori undetermined off-shell supergravity. As we will show, we find that the external supersymmetry constraints contain the field content of a non-minimal 7d N = 1 supergravity coupled to a so-called 'SU(2)-vector multiplet' [21] .
2 As far as we are aware, no off-shell formulation of such a Lorentzian supergravity is known, let alone a Euclidean variant.
3 Hence it is currently not possible to compare the external constraints to the supersymmetry constraints of such a theory. Nevertheless, as we will demonstrate, backgrounds determined by the external supersymmetry constraints indeed lead to novel 7d field theories on curved spaces.
The curved Euclidean 7-branes that we wish to describe are solutions to type IIA * theory [22, 23, 24] ; Euclidean Dp-branes will be referred to as E(p + 1)-branes. Type IIA * theory corresponds to the timelike T-dual of type IIB, and although it has a Lorentzian metric, its RR-fluxes are imaginary and hence the kinetic terms in the action come with the 'wrong' sign. An alternative way to derive the IIA * theory is to start with a complexified ten-dimensional action invariant under complexified supersymmetry and to deduce that, in addition to the usual reality constraints leading to type IIA, there is another set of reality constraints that one might impose instead [25] ; in particular, the unusual signs are
for the RR-fluxes F and the Killing spinors ε = (ε 1 , ε 2 ). Our starting point will be to deduce the supersymmetry conditions of E7-branes wrapping curved spaces, which are obtained by imposing both the IIA * (closed string) supersymmetry as well as the worldvolume (open string) supersymmetry constraints.
The closed string supersymmetry constraints are given by
These follow from the vanishing of the IIA * gravitino and dilatino variations.
2 We adhere to the convention that N = 1 corresponds to half-maximal supersymmetry (16 supercharges) and N = 2 corresponds to maximal supersymmetry (32 supercharges). 3 For results on N = 1 7d supergravity coupled to standard vector multiplets, see [26, 27, 28, 29] .
The open string supersymmetry constraint is given by
which is the necessary requirement for a brane to not break supersymmetry of a IIA * background. The Euclidean kappa-symmetry operator for E7-branes is given by 4) with the second equality following from the Spin(1, 9) → Spin(7) × Spin(1, 2) decomposition of the gamma-matrices given in appendix (A.1), where one can also find our definitions for P, P 1 . Here, we have explicitly set the worldvolume flux F = 0 to substantially simplify matters. After decomposition of the Killing spinors and taking into account the reality constraints, the open supersymmetry constraint is solved by
Here, χ j are Majorana spinors of Spin (7) and ζ j are Majorana spinors of Spin(1, 2), and the index j runs over the number of independent internal spinors ζ j (i.e., at most 2). We will assume a local decomposition of the ten-dimensional spacetime M 10 = M 7 × M 3 and use local coordinates x µ on the space M 7 wrapped by the E7-brane, and y a on M 3 .
The supersymmetry constraints (2.2), (2.3) can be rewritten in a pair of sets with a more suggestive interpretation. The first set of constraints is given by
These equations are interpreted as determining the supersymmetry of the brane. They are given by
The second set of equations is given by 8) and is interpreted as the supersymmetry of the string background in which the background is embedded. These are given by
We will refer to (2.7) as the external supersymmetry constraints and (2.9) as the internal constraints, since from the point of view of the gauge theory on the brane, (2.9) dictates the (non-compact) space which determines the R-symmetry.
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Let us examine the various terms in (2.7) in terms of representations of the supersymmetry algebra. The Lorentzian supersymmetry algebra in d = 7 comes in two types: maximal supersymmetry with 32 supercharges or half-maximal supersymmetry with 16 supercharges. Less supercharges is not possible since Spin(1, 6) does not admit 8 component Majorana spinors. The representations can be decomposed in terms of the product of the isotropy subgroup of the Lorentz group for lightlike vectors, SO(5) ⊂ SO (1, 6) , and the R-symmetry group SO(3) ≃ SU(2). 5 In the Euclidean case, the R-symmetry group becomes SO(1, 2) ≃ SU(1, 1). On the other hand, the Lorentz group is now SO(7) which does not admit lightlike representations. We will forego this subtlety and identify representations as if they were representations of SO(5) × SU(2).
The (bosonic) fields in (2.7) can be identified the following representations of SO(5)×SU(2): 4 Technically, we expect only the contraction ofγ a of the last external supersymmetry constraint to play a role in determining the supersymmetry constraints of the brane itself. Since we intend to solve all equations, the precise identification of external versus internal will play no role in what follows. 5 We will ignore subtleties about double covers.
F 0 should be considered as a cosmological constant with no degrees of freedom, while ω µab is locally pure gauge, and hence neither are included. The Lorentzian d = 7 supersymmetry algebra with 16 supercharges admits the following three types of multiplets [21] :
All bosonic components of a gravitational multiplet and an SU(2)-vector multiplet are accounted for. 6 We thus conclude that the external supersymmetry equations (2.7) correspond to the supersymmetry variations of the fermionic fields of a Euclidean 7d, N = 1 off-shell supergravity coupled to a single SU(2)-vector multiplet.
Backgrounds on G 2 -structure manifolds
In this section, we will construct classes of solutions to the external and internal supersymmetry constraints (2.7), (2.9), with fluxes that satisfy the Bianchi identities. Strictly speaking, from the point of view of coupling the field theory to a background, neither the internal constraints nor the IIA * equations of motion need be satisfied. Nevertheless, we will solve the internal constraints as well, as a stepping stone to finding E7-branes solutions in IIA * theory satisfying the IIA * equations of motions; as we will show, such solutions would require a non-trivial E7-brane worldvolume flux which is associated to non-linear supersymmetry [17] and is beyond the scope of this paper.
Our primary tool in solving the supersymmetry constraints will be a G 2 -structure, see for example [30] , [31] for reviews and appendix A.2 for our conventions. On manifolds in d = 7, a unit-norm nowhere-vanishing (Majorana) spinor χ of Spin (7) is equivalent to a G 2 -structure, defined by an associative three-form ϕ and its dual ψ = ⋆ 7 ϕ. Given a G 2 -structure, we may decompose all fields in terms of irreducible representations of G 2 , and the connection acting on the Killing spinor can be expressed algebraicly in terms of torsion classes via (A.13), thus allowing us to solve all equations algebraicly. In this way, we obtain two classes of backgrounds: one on manifolds equipped with a co-closed G 2 -structure, the other on conformally G 2 -holonomy manifolds. Since there is no additional topological constraint to the existence of co-closed G 2 -structures [32] , we conclude that any spin 7-manifold admits solutions to the supersymmetry constraints.
The amount of supersymmetry preserved by such solutions is determined by the number of inequivalent Killing spinors leading to equivalent solutions. Due to the Killing spinor decomposition (2.5), the number of ten-dimensional supercharges is the product of the number of external Killing spinors χ j (8 or less) and internal Killing spinors ζ j (2 or less). As we will see, for non-flat spaces our solutions have F 4 proportional to the G 2 -structure itself; since no two linearly independent spinors lead to the same G 2 -structure, our solutions will preserve two supercharges. This is less than the 'minimum' number of supercharges constituting the flat supersymmetry algebra (i.e., 8 supercharges for Spin (7)). This is not uncommon in Euclidean field theories, but does limit computational control. 7 We will come back to this point later on.
External supersymmetry
Our primary concern will be the external supersymmetry constraints (2.7), as these dictate the geometry of the brane. We decompose all fields in terms of G 2 -structure representation, which immediately leads to the following observation. The torsion classes are uncharged under the R-symmetry (i.e., they have no internal space indices a, b, .. taking value in 0, 8, 9). However, there are no uncharged fluxes taking value in the 14 representation, hence the internal Lorentz symmetry remaining unbroken immediately imposes τ 2 = 0.
We will focus on the case where the R-symmetry is not broken for simplicity and hence we will set the profiles of fields in the 3 of SO(1, 2) to zero by hand,
Note that due to the decomposition into the irreducible representations, non-trivial profiles for these fields would have no effect on the results obtained for 1 and 27 representations which will play a crucial role in our field theory discussion in section 5. We will set the metric to
Next, we decompose the remaining fluxes in terms of G 2 -representations via
and use the identities (A.9) to rewrite all terms in (2.7) in terms of the spinorial basis (χ, γ µ χ), and finally use the crucial (A.13) to express the connection acting on ε in terms of torsion classes. As a result, (2.7) decomposes into a set of algebraic equations that can be solved representation by representation. We thus obtain the following solution to the external supersymmetry constraints:
The Kiling spinor ε is given by
with X constrained to satisfy ∂ µ X = ∂ µ A and χ the Majorana spinor of unit norm that defines the G 2 -structure. All indices refer to unwarped metrics.
Internal supersymmetry
Next, let us consider the internal supersymmetry constraints (2.9). These dictate the embedding conditions for a supersymmetric brane into a supersymmetric type IIA * background. In principle, various solutions may exist which can be obtained in a similar manner as the external supersymmetry solutions by making use of the G-structure defined by a single Majorana spinor of Spin(1, 2). However, we are not particularly concerned with generality in this respect and so will restrict ourselves to a simple solution, namely warped flat space. We write the metric as the cone over dS 2 :
Our ansatz for the fluxes is to take
In particular, note that H µνρ = 0 is necessary due to the fact that we are using (2.4) where we have set the worldvolume flux of the E7-brane to zero. In addition, we also take the ansatz
We then obtain the following solution to the internal supersymmetry constraints (2.9):
with the additional constraint on the Killing spinor that ∂ r X = −∂ r B = +∂ r A. Note that the sign is relevant: since we do not have ∂ M X = ∂ M A, this imposes an additional constraint on the warp factors A, B. Taking into account the external supersymmetry constraints, the solution to the differential equations is given by
with k, q ∈ Ê, as well as φ int (r) = −3A int = 3 4 log Z(r).
Background constraints
Let us now combine the constraints from the previous two subsections. Using the ansatz in the last paragraph of the previous section, A, B and φ are fixed. We then obtain the following solution to the supersymmetry constraints (2.7), (2.9):
F 0 = 0
with Killing spinor
Here, vol 2 = cosh tdt ∧ dϑ is the volume of dS 2 and vol 3 = r 2 cosh tdr ∧ dt ∧ dϑ is the volume of Ê 1,2 . Imposing the Bianchi identities, we find two classes of geometries that solve the supersymmetry constraints:
In the first case, the G 2 -structure is co-closed, and by rescaling the coordinates one can take ∆ = 0 without loss of generality. In the latter case (M 7 , ds 2 7 ) has conformal G 2 -holonomy.
Although not relevant from a field theory point of view, let us investigate the equations of motions. We adapt the integrability theorem, first derived for IIA in [33] , to the case of IIA * at hand. Examining the computations in [34] (see also [35] ), it follows that the IIA integrability theorem also holds for type IIA * , despite complexification of the fields or any potential breaking of Lorentz symmetry. Therefore, all NSNS field equations are satisfied, provided that the generalized Bianchi identities for the democratic RR-fluxes hold and the mixed space-time components of the NSNS field equations are satisfied. These conditions are violated precisely by the equation of motion of F 4 (or in terms of the democratic formalism, the Bianchi identity of F 6 ) if and only if any torsion class is non-vanishing.
Examples of backgrounds
In this section, we give a number of explicit examples of solutions in the class described by (3.11). We emphasize again that, although these do not generally satisfy the equations of motion, these solutions form backgrounds to which field theories can be coupled supersymmetrically.
Ricci-flat space
As a first example, we consider flat E7-branes with no torsion. The solution to the supersymmetry constraints (3.11) then reduces to
The Bianchi identities are manifestly satisfied, as well as the equations of motion. Since ∇ µ χ = 0, it follows that g µν must be a Ricci-flat metric. The case g µν = δ µν corresponds to the expected solution where the E7-brane wraps Ê 7 (or Ê n × T 7−n ) [23] . This solution preserves 16 supercharges. It should be noted however that various other solutions exist; generic G 2 -holonomy manifolds preserve 2 supercharges, K3 × T 3 preserves 8 supercharges, and so on.
Weak G 2 -holonomy
As a second example, we consider manifolds admitting a Killing spinor satisfying
i.e., τ 0 = 1 and all other torsion classes vanishing. In this case, (3.11) reduces to
Manifolds equipped with a G 2 -structure with purely scalar torsion are known as nearly-parallel, or equivalently, weak G 2 -holonomy spaces. In particular, as determined in [36] (see also [20] ), generic Sasaki-Einstein manifolds admit 2 such Killing spinors, generic tri-Sasakians admit 3 and the round S 7 admits 8. Due to the four-form flux F 4 ∼ ψ, the solution is invariant under G 2 × SO(1, 2) or a subgroup thereof.
Let us consider S 7 in particular. On S 7 , we consider the metric
Here, σ i ,σ i are two pairs of SU(2) left-invariant forms, each parametrizing an S 3 . There are two values of the parameter λ for which this metric is Einstein: λ 2 = 1, which yields the standard round metric, and λ 2 = 1 5
[37] (see also [38] ). The latter case corresponds to a squashing of the S 3 fiber over the base space S 4 . The S 3 -squashed S 7 admits a single Killing spinor. The round S 7 admits 8 Killing spinors, which transform as the 8 of SO (8) . This breaks as 8 → 1 ⊕ 7 under Spin(7) → G 2 . In particular, the 7 can be thought of as the component perpendicular to 14 under the breaking of Spin(7) → G 2 , with 14 the adjoint which leaves G 2 invariant. In other words, given two linearly independent Majorana spinors χ 1,2 , both will lead to different G 2 -structures and thus, F 4 in (4.3) cannot remain invariant.
9 Therefore, the solution preserves 2 supercharges after taking into account the R-symmetry. This is somewhat analogous to what occurs for M-theory solutions on S 7 where an internal F 4 is turned on which breaks supersymmetry [39] , although the difference in properties of spinors of Spin(2, 9) have a non-neglible effect on this interpretation when uplifting our solution to M * -theory.
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It is interesting to compare our results for branes wrapping S 7 to those of [41] . The BBGsolution can be viewed as a background of 8d supergravity, where the metric is a domainwall containing an S 7 factor. This background is then uplifted to type IIA * and is expected to be holographically dual to the known 7d SYM theory on S 7 given by (5.6), (5.7). It comes with H ∼ τ 0 vol 3 , but has F 4 = 0. As a result, it does not break any supersymmetry. It also satisfies the equations of motion explicitly. On the other hand, it does not satisfy kappasymmetry and should thus be interpreted as the near-horizon limit of an E7-brane. Since our results, obtained by imposing kappa-symmetry from the start, require F 4 ∼ ψ, we conclude that any supersymmetric brane satisfying the equations of motion with the BBG-solution as a near-horizon cannot preserve the SO(8)-isometry; the near-horizon limit leads to symmetry enhancement.
U (1)-squashed S
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A more intricate example is the case where both τ 0 = 0, τ 3 = 0. This occurs for S 7 where it is the S 1 Hopf fibre that is squashed. The metric for this case is given by [14] 
Here, l,l ∈ Ê and A is the fiber connection, which satisfies dA = 2J, with J the Kähler form of P 3 . As shown in [14] , this squashed S 7 admits a Dirac Killing spinor η satisfying (1 +Ã µ γ µ )χ, it is found after some manipulation that
from which we read off the torsion classes
10 See also [40] .
Thus, the U(1)-squashed S 7 can be considered as a deformation of the round S 7 , leading to a modification of the 1 torsion and turning on a non-zero 27 torsion. A second Majorana Killing spinor with identical torsion classes is given by
which is obtained after noting thatÃ = α/lA for consistency. We therefore find the resulting background 
S
Next, we will construct solutions on S 3 × M 4 , where M 4 is any hyperkähler manifold. For convenience, we will first consider M 4 = T 4 and then generalize to arbitrary hyperkählers. Our starting point will be the associative three-form ϕ and its dual ψ, from which we will deduce the Killing spinor.
We make use of the standard expression for the associative three-form ϕ in terms of vielbeine [30] : the left-invariant forms satisfying the Maurer-Cartan equation (4.14)
From the four-form τ 3 , it follows that the traceless symmetric two-tensor τ can be expressed in terms of the frame as
Since the G 2 structure is co-closed, it follows that the E7-brane supersymmetry constraints are solved for ds
. Explicitly, plugging the above into (3.11) leads to the following background:
with ψ, τ 3 as in (4.11), (4.14).
More generally, let us introduce the two-forms We note that the above procedure can be repeated identically as long as α 1,2,3 are globally well-defined closed two-forms, even in the absence of an identity structure. Therefore, identical solutions can be found on S 3 × M 4 for any M 4 that is hyperkähler,
Gauge theory on curved 7-branes
In this section, we will derive field theory actions on the curved 7-brane backgrounds obtained in section (3) . The canonical example is SYM on S 7 . This theory was first constructed in [2] , taken off-shell in [19] using the flat space procedure of [42] , [43] , and further investigated in [8] , [20] . The action is composed of the standard flat space SYM action, in addition to a number of curvature terms which were added somewhat ad hoc. Following the logic of [9] , these terms should correspond to coupling the theory to a supersymmetric background determined by an off-shell supergravity which, as we have argued, should be reproducable by a string background. Indeed, we will show that these curvature terms can all be expressed as coupling to a background H-field. Given our results in section 3, we argue that the following should be true:
• In addition to coupling gauge theory on S 7 (or more generally, any weak G 2 -holonomy manifold) to H, it should also be possible to couple gauge theory to a background F 4 , whose profile is determined by (3.11).
• Supersymmetric gauge theories should exist on Riemannian manifolds in the following two classes: co-closed G 2 -structure spaces and conformally G 2 -holonomy spaces.
• In the case τ 3 = 0, the coupling to F 4 is essential, since that is the only background field affected by such torsion.
We shall demonstrate these claims below for the first class of manifolds. Inspired by the DBIaction, we will construct a supersymmetric action on co-closed G 2 -structure manifolds, where a coupling to F 4 (or more precisely, C 3 ) is made explicit. From a more geometric point of view, the novel feature of this action is the inclusion of what we will refer to as a "G 2 -Chern-Simons" term [45] , as well as fermionic counterterms such that two supercharges are preserved on-shell.
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We will take one of these supercharges off-shell, which suffices to allow for localization.
SYM on weak G 2 -holonomy manifolds
Our starting point is the on-shell d = 10, N = 1 SYM action on flat space, given by
with Ψ = Ψ T C −1 and
The action is invariant under the supersymmetry transformations
with ε a commuting Spin(1, 9) Majorana-Weyl spinor satisfying ∇ M ε = 0. By dimensional reduction on the flat internal Lorentzian space, this leads to the action
where we still use ten-dimensional indices to keep notation compact. The gauge field A M decomposes into (A µ (x), φ a (x)) such that F 2 leads to kinetic terms for both the gauge field and scalar field, as well as a φ 4 potential for the scalars. The gaugino Ψ is an anti-commuting Spin(1, 9) Majorana-Weyl spinor. Gauge group indices have been suppressed.
Next, let us review the how to generalize the 7d Euclidean action, on the one hand to manifolds admitting Killing spinors with scalar torsion [2] , on the other to simultaneously allow for a partial off-shell formulation with up to nine supercharges off-shell [42] , [19] . This includes the canonical examples on S 7 and on Sasaki-Einstein manifolds. We will mostly follow the notation of [20] . We decompose
iτ 0 γ µ χ, we obtain
The off-shell action on a weak G 2 -holonomy manifold is then given by
The action is invariant under the following supersymmetry transformations :
The number of supercharges preserved is given by the number of Killing spinors admitted by the underlying manifold M 7 times the number of generators for the SU(1, 1) R-symmetry; for example, 16 for S 7 , 4 for general Sasaki-Einstein manifolds, 2 for arbitrary weak G 2 -holonomy manifolds. The fields K j are 7 auxiliary scalar fields which take at most 9 supercharges off-shell. The fact that j ∈ {1, ..., 7} is incidental and unrelated to the fact that we are working in d = 7.
The supersymmetry transformations of K j are given in terms of ν j , a set of commuting pure spinors satisfying
( 5.8) with v M = εΓ M ε. They are determined only up to SO (7) rotations.
Taking into account (3.11), we now observe that the curvature terms in the action may be reformulated as the coupling to background H-fields. Specifically, setting ∆ = Z = 1 and making use of
we see that (5.6) can be rewritten as
Note that crucially, H is independent of the G 2 -structure and hence does not break supersymmetry.
Supersymmetric G 2 -Chern-Simons
In order to examine gauge theory on manifolds with additional non-trivial intrinsic torsion τ 3 = 0, we wish to write down a supersymmetric action coupled to C 3 . We will first do this for the simpler case on weak G 2 -holonomy manifolds, which we will generalize to arbitrary coclosed G 2 -structure manifolds afterwards. In the former case, one has dϕ = 4τ 0 ψ. The brane solution (3.11) yields the conclusion that
We thus deduce from the WZ-part of the E7-brane action that coupling the field theory to F 4 should induce a term
This is the G 2 -Chern-Simons term [45] , which has appeared in various contexts in string theory [46] [47] [48] , albeit generally for G 2 -holonomy manifolds. In 3d, the Chern-Simons action
is not gauge invariant and leads to quantization of the CS-level k. On the other hand, in 4d, the θ-action
is gauge invariant. We see that in 7d on weak G 2 -holonomy manifolds, up to a total derivative, the terms are equivalent. The gauge invariance is manifest, and so no quantization occurs. Similarly to the θ-action, the G 2 -Chern-Simons action is intimately related with instantons. The equation of motion of (5.14) is that the connection A should be flat, while in the presence of a kinetic term, the equation of motion implies (anti-)selfduality and primitivity of F . In 7d, the analogy of the flat connection is that the 7 component of the field strength is trivial and hence the field strength takes value in the 14 of the canonical G 2 -structure associated to the metric. The analogous statement to selfduality is given by ⋆ 7 F = ϕ ∧ F . Generally, the occurrence of instantons in p + 1 dimensions is associated to euclideanized Dp-D(p − 4) systems [49] , [50] . In our case, no E3-brane is present, as can be confirmed by noting that the metric in (3.11) preserves SO(7) Lorentz symmetry. Instead, these instantons are sourced by the scalar curvature τ 0 .
We wish to construct a supersymmetric version of the G 2 -Chern-Simons action coupled to Yang-Mills. For non-trivial τ 0 , a second realization of the supersymmetry algebra can be found in addition to (5.6), (5.7), as shown in appendix B. The action
is invariant under the following on-shell supersymmetry transformations:
Surprisingly enough, we thus conclude that this action is not obtained by summing up the supersymmetric Yang-Mills action (5.6) with some putative supersymmetric G 2 -Chern-Simons action, due to the changes in the algebra. In fact, comparing (5.15), (5.16) with (5.6), (5.7), we see that other than the addition of the G 2 -Chern-Simons term, the changes are precisely
with the exception of the defining Killing spinor equation (5.5) . This prohibits any possible interpolation between this action and (5.6).
Using (3.11), we reformulate the action (5.15) in terms of background fluxes as follows:
A primary motivation for rewriting the action in terms of backgrounds fields rather than torsion is of course the hope to extend the action to the case of more general backgrounds, including more general metrics. However, there are some ambiguities in deciding how to rewrite the action precisely. In particular, note that since F 4 = 4iτ 0 ψ = dC 3 , we have that 19) which is the odd-dimensional selfduality condition for a (2k − 1)-form in d = 4k − 1 discussed in [44] . In addition, the fermionic coupling to the background field C 3 can be rewritten as 20) thus appearing as a modification of the fermionic kinetic term. We will see that some of these ambiguities are fixed when generalizing the action, as we will now show.
We generalize this procedure to obtain an action on arbitrary co-closed G 2 -structure manifolds. Given a Spin(7) Killing spinor satisfying
iτ µν γ ν χ, we see that the 10d Killing spinor (5.4) satisfies
As we anticipated, we were unable to extend the pure SYM action (5.6), (5.7) to spaces with non-trivial τ 3 , whereas we have been able to extend the G 2 -Chern-Simons action (5.15). As deduced in appendix B, we find that the action
is off-shell supersymmetric with respect to
In light of (3.11), we see that the action (5.18) does not generalize to the situation with τ 3 = 0, due to the sign of τ 3 in (5.22). Indeed, in the presence of τ 3 , it follows that the odd selfduality condition (5.20) is no longer valid. Hence, let us rewrite (5.18) as
with 25) which satisfies F 4 = F 4 when τ 3 = 0. We then find that this is the appropriate action which can be generalized to co-closed G 2 -structure manifolds, in that it matches the action (5.22).
Conclusion
We have constructed novel 7d supersymmetric gauge theories on G 2 -structure manifolds. Such spaces can be classified according to their torsion classes. In the case of weak G 2 -holonomy manifolds, i.e., only non-trivial scalar torsion, we have constructed an alternative to the known These actions were constructed by coupling to a flux background satisfying the supersymmetry constraints of an E7-brane in a supersymmetric type IIA * background; obtaining the background by examining an off-shell supergravity background would not have been possible, since the field content corresponds to a non-minimal 7d supergravity which is currently unknown off-shell. In addition, whereas previously the additional curvature terms in the action have been somewhat ad hoc, the nature of the precise coupling terms is reminiscent of a DBI-WZ-like brane theory, thus lending credence to our methods. The downside is the low amount of supercharges preserved by the theory. This is independent of the number of admissible Killing spinors on the underlying manifold, since different spinors lead to different G 2 -structures and hence different solutions for F 4 . Since one of the supercharges has been taken off-shell, the theory is amenable to localization. It would be interesting to compare the results of such computations to the results of pure SYM localization [8] , [20] , [51] .
We have used the notion of a kappa-symmetric E7-brane purely as a tool to construct the field theories; similar to the standard procedure of coupling to off-shell supergravity backgrounds, our E7-brane solutions do not solve the equations of motion. However, the violation lies purely in the equation of motion for F 4 ; it may prove worthwhile to turn on fields we have set to zero by hand to see if this can be remedied. Hence from a gravitational point of view, our setup may be viewed as a stepping stone to construct Euclidean brane solutions on curved spaces satisfying the EoM. Another avenue to explore is to look at the second class of brane backgrounds we have obtained, namely the conformally G 2 -holonomy manifolds with τ 0,2,3 = 0, τ 1 = d∆. It would be interesting to compare the resulting field theory to recent work on SYM theories on spheres with non-constant couplings [52] .
A Conventions & identities A.1 Gamma-matrices
In this section we give our conventions for the gamma-matrices. We decompose Spin(1, 9) → Spin(7) ⊗ Spin (1, 2), with indices µ, ν, ... ∈ {1, ..., 7}, a, b, ... ∈ {0, 8, 9} . Correspondingly, the 10d gamma matrices we use act on 32-component spinors as 13 .
where for convenience we have defined
As a result, we find the useful relation
The 3d 'internal' gamma matrices are defined asγ 0 = −iσ 2 ,γ 8 = σ 3 ,γ 9 = σ 1 such that
with ǫ 089 = +1. On the brane, which we dub 'external space', we use
The external gamma-matrices are imaginary anti-symmetric. The charge conjugation matrix decomposes as
Finally, we make use of the definition Ψ = Ψ T C −1 for Spin(1, 9) spinors. 13 For comparison, in our notation the 32 × 32 gamma-matrices of [20] are given bŷ
As a consequence, Λ
A.2 G 2 -structure Our G 2 -structure conventions match those of [53] up to a change of sign for the volume form (and hence, Hodge dual), and match those of [54] [55] precisely. Let us spell them out explicitly, as well as a number of identities that we require.
The G 2 -structure is defined by the associate and co-associative forms (ϕ, ψ), with ψ = ⋆ 7 ϕ, which can be expressed in terms of a unimodular Majorana Spin(7) spinor χ as
These satisfy the following useful relations, as can be demonstrated by Fierzing:
(A.8)
In addition, we also have
Existence of a G 2 -structure ensures that differential forms on M 7 , which a priori furnish SO(7)-representations, can be decomposed into irreducible G 2 -representations as follows:
Applying this to the exterior derivatives of the associative and co-associtave forms, we obtain the torsion classes. Specifically, these are defined as
Note that there are a number of ways to express the 27; as a three-form, four-form, or as a traceless symmetric two-form. In (A.11), τ 3 is defined to be a four-form. We define
Using the above, we can find an expression for the connection acting on the spinor in terms of the torsion classes. The basis of spinors is given by (χ, γ µ χ), hence generically one should find
, these components can be solved in terms of the torsion classes by constructing various bilinears to obtain the crucial identity
B Closure of the supersymmetry algebra
In this appendix, we will derive the existence of a second realization of the supersymmetry algebra on weak G 2 -holonomy spaces with corresponding invariant action, in addition to the one discussed in [2] , [19] , [8] . Let us consider the following ansatz for the supersymmetry variations:
with k 1,2,3 ∈ Ê parameters to be determined, and
Making use of the fact that / ψε = −7ε due to (A.9), it can be shown that
with v M = εΓ M ε. Note that when the decomposition of ε uses only a single Spin(7) Majorana spinor, as will be the case for most of this paper, v µ = 0; we have not made use of this so as to simplify the comparison to the standard SYM algebra. Closure of the algebra enforces 
Therefore, in order to find an action under this algebra, we take the ansatz This latter choice results in the action
invariant under the on-shell algebra
The algebra can be taken off-shell in the usual way by making use of 7 auxiliary scalar fields K j and 7 commuting fermions ν j satisfying (5.8).
14 The construction of such spinors follows along the lines of [43] and consequently [19] . The action (B.8) is invariant under 2 independent supercharges, given by 10) where χ defines the co-associative form ψ in (B.8), ζ 1,2 are real and the phase of ζ is fixed by the Majorana condition. Therefore, it follows that v µ = 0 and v a v a = 1 as remarked in [20] . In order to take 1 supercharge off-shell, we set ζ 2 = 0 as a partial R-symmetry fix such that v 8 = 0 and Γ 90 ε = ε. We thus break the bosonic component of the supersymmetry algebra to g 2 × so(1, 1). By setting ν j = Γ j8 ε , (B.11) one finds that (5.8) is satisfied. The off-shell algebra is then given by (5.16), which leaves the action (5.15) invariant. The variation of the auxiliary field squares to 12) where the latter term corresponds to an SO(7) rotation of the scalar fields K j .
B.2 τ 1,2 = 0
We now allow for non-trivial τ 3 as well, such that
(B.13)
Our ansatz for the supersymmetry algebra will be
with m ∈ Ê a parameter to be determined. For τ 3 = 0, the algebra reduces to (B.9). Making use of(B.2) and (B.7), we obtain the following:
Therefore, the unique closed extension of the algebra to spaces with non-trivial τ 3 is given by m = 0.
Next, we look for an action invariant under the algebra (B.14). Taking into account that the fermionic equation of motion should correspond to 16) our ansatz will be to extend (B.8) as The fact that m ! = 0 for invariance of the action matches the solution to the constraint coming from closure of the algebra.
As explained in appendix B.1, one of the two supercharges can be taken off-shell, leading to the algebra (5.23) which preserves the action (5.22). The closure of the algebra when acting on the auxiliary scalar K j is satisfied with
